Introduction
When solving Tarski's circle squaring problem Laczkovich introduced the notion of a \uniformly spread set". Taking a closer look at the combinatorial ideas behind his approach we consider mappings with a \wobbling property". A mapping f : X ! Y (X, Y subsets of a metric space) is a wobbling mapping if no point in X is moved too far, formally if sup x2X d (x; f(x)) < 1 :
Wobbling mappings occur in many real world situations. Rounding in numerical analysis, image processing, distortion of crystals, but also earthquakes are typical. We call subsets of a metric space \equivalent" if there exists a wobbling bijection between them. In particular uniformly spraed sets are those which a equivalent to a lattice Z n considered as Euclidean space. The paper is organized as follows: After a short technical introduction giving general useful information also on continued fractions which will play a crucial role in the e ective construction of certain wobbling bijections. In a chapter on geometrical constructions we shall give a constructive proof for the fact that any linear mapping f : R n ! R n with determinant 1 transforms the lattice Z n into a uniformly spread set. It In fact shearings will play an important role for an engineering approach to such problems leading to computer visualization. In particular this method already yields a uniform upper bound in terms of a matrix norm (theorem 4.1) for the wobbling distances, which was not obvious from the beginning. Also by means of continued fractions and the Sturmian sequence from billiards theory we will indicate another e cient constructive method and explain this in particular for rectangular lattices. As a side result we shall investigate the discrepancy of a billards problem. We shall conclude the paper with results on recursive wobblings and an outlook on paradoxical situations 1].
General de nitions
By N = f1; 2; 3; : : :g we denote the natural numbers. N 0 stands for the set of nonnegative integers and This de nition possibly di ers from standard notation by a shift as we start the euclidean algorithm with (1; ) instead of ( ; 1). This seems to be more convenient for our purposes.
Uniformly spread sets
In his epochal paper 2] Laczkovich introduced the notion of uniformly spread sets and used it for solving the Tarski circle squaring problem. He immediately established the connection of uniformly spread sets to discrepancies and measure theory. The crucial step seems to have been to consider the 2-dimensional case. The generalization to R d then relies on some technical details. For simplicity's sake we only consider wobbling equivalenes to the standard lattice Z d . The more general case of (aZ) d just needs some rescaling. which is independent of x:
The next problem is to show that any two 2-dimensional lattices with unit fundamental domain are wobbling equivalent. It su ces to observe that the transformation may be attained as a product of at It is remarkable that one can have such a simple universal upper bound for the wobbling distance using only a constant as factor of the max norm. This was not evident to everyone from the beginning.
Remark By induction one veri es that a corresponding theorem holds in higher dimensions, too.
By more carefully inspecting particular cases like rotated and rectangular lattices we can obtain even better results for these:
Rectangular lattices .
Note that the obvious lower estimate for the wobbling distance is (a + 1)=2 for irrational a. Moreover Sudmeier 3] showed by using a very involved construction with continued fractions that the upper bound can be improved to 1+a 2 , which he shows to be optimal for irrational : Anyhow, asymptotically our result is close to optimal.
Proof Because of c 12 = 0 and c 21 = 0 in (4.6) we rst take the re ected lattice generated by 0 ?a 1=a 0 obtaining c 12 = (4.12) which is easily implemented and may be used for real time visualization. We again obtain p 5 2 as an upper bound for the wobbling distance. Needless to say that this engineering machinery was the original motivation for the development of the approach to wobbling bijections using shearings.
This picture shows the wobbling ' (4.12) for the angle 10 o :
This gure shows the upper bound Moreover we evaluated the wobbling bijection (4.12) for unit lattices of size 500 500 and 1000 1000 centered at the origin. The vertical bars indicate the achieved wobbling distances and the reasonably good empirical convergence to (4.9) with the usual number theoretic background noise. There is a standard technique of unfolding billiards in the plane: The proof of theorem 5.1 will be by induction using the de nitions. We shall make use of shifted sequences.
De nition 5. b(x; k) tells how many times the arithmetic progression x + ; x + 2 ; :::: hits the interval (k; k + 1]. Obviously b(0; k) = C k ( ) for every k; which will be useful for the proof of theorem 5.1.
The following innocent looking shifting lemma will be used frequently. 
Wobbling bijections for rectangular lattices
In this section we shall give an \explicit" wobbling bijection between the rectangular lattice R = N 1= N and N 2 using the Sturmian sequence. 
Discrepancies of billiards
Here we explore the Sturmian sequence for a very special billiard with = p 2. This can surely be generalized, but this simple case is illustrative. Consider the billiard on a square table hitting the ball in the lower left corner with angle of slope . Then the ball will alternatively hit the left and right vertical edges. In order to obtain a more sophisticated problem we consider the sequence of \upwards" and \downwards" hits of vertical edges and ask for the discrepancy as follows: We consider fe 1 ; : : : ; e n+1 g n n =: A n+1 ;
the set of indices active in stage n + 1. Let e i be an element of A n+1 . We compute n + 1 steps of ' ei for argument (i; 1 2 ).
case n + 1 : 1 : ' n+1 ei gives output (i; 1)
We put a marker on (i; ?(n + 1) + Obviously X n+1 is recursive. n+1 := n fe i 2 A n+1 j ' n+1 ei gives an outputg.
Clearly X = S n X n is recursive.
